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Abstract
We applied a time-dependent Green’s function approach to study the transient behaviors in metamaterial lens focusing. An

adaptive-grid method is developed to deal with the singularities encountered in the numerical integrations and a benchmark result is

presented to demonstrate the validity of our theory. We then implement the method to study several typical focusing processes with

metamaterial-based lenses.
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1. Introduction

Much recent attention has been paid to a new type of

artificial metamaterials, which possesses simulta-

neously negative e and m, and thus a negative refractive

index [1]. As one of its potential applications, Veselago

proposed to use a flat slab of such metamaterial (with

e = m = �1) as a lens to focus electromagnetic (EM)

waves [1]. Recently, Pendry showed that such a lens

is actually a perfect lens, in the sense that not only

propagating components, but also all evanescent

components radiated from the source could be collected

by the lens [2]. The idea of a perfect lens was challenged

by some researchers, who argued that the field would be

divergent if e = m = �1 [3]. Pendry [4] and Smith et al.

[5] then showed that the divergence problems could be
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avoided if e and/or m is not precisely �1, but has a small

deviation d from �1. The price of adding such a

deviation is that the focusing can no longer be perfect.

However, the image resolution can still beat the

diffraction limit if d is sufficiently small, so that such

a lens is usually called a super lens.

Many theoretical works were performed to study this

effect [6–14], employing either finite-difference-time-

domain (FDTD) simulations [6–11] or some approx-

imate theories [12,14]. Most studies to date considered a

two-dimensional (2D) model employing a line source

[6–12], and were only interested in the finally stabilized

image properties [6–13]. The transient behaviors were

neglected in most studies, except for example Ref. [14]

in which the relaxation phenomena were examined by

a model [14]. While the sources could be strictly

monochromatic, transient waves are still inevitable, due

to the ‘‘switch-on’’ process of the source. We note that

the transient behaviors might not be important in a

conventional lensing problem, but the case for super

lens is more subtle. For example, a pioneering FDTD
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simulation showed that no steady foci were found in the

perfect lens focusing and the fields varied dramatically

over time [6]. Later FDTD studies also noticed such

oscillations [7], and had to add absorptions to obtain

stable images in their simulations [8,9]. Since the

employed sources in all FDTD simulations are strictly

monochromatic [6–11], these unusual phenomena

implied that the transient-wave dynamics must be

complex and not negligible in such optical processes

related to metamaterials.

In reviewing these existing efforts, we feel desirable to

develop a rigorous approach that can be used to study

quantitatively the transient phenomena in the optical

processes related to metamaterials, and, in particular, the

metamaterial lens focusing problems. In this paper, we

will formulate a time-dependent Green’s function

approach to serve this purpose. The method has been

successfully implemented [15] to explain the image

oscillations in the 2D model found previously [6,7] and to

predict a new kind of image oscillation behaviors in a

three-dimensional (3D) model employing a point source

[16]. In this paper, we mainly focus on the details of the

theory (Section 2) and the key computational techniques

(Section 3). After presenting a benchmark result to test

the validity of our theory in Section 3, we present two

examples in Section 4 to illustrate the application of this

method. We then conclude in the last section.

2. The time-dependent Green’s function

approach

For the problems we are treating, we assume that a

current source of the form~Jð~r; tÞ is located at the origin,

and a slab of metamaterial of thickness d, with a relative

permittivity eLr and a relative permeability mL
r , is placed

at the xy-plane between z = �d/2 and z = �3d/2 as a

lens to focus EM waves radiated from the source. An

image will be formed on the plane located at z = �2d.

We first consider the simple case where eLr andmL
r are

both frequency-independent. The problem is then to

solve the following Maxwell equations:

r�~Eð~r; tÞ ¼ �mð~rÞ @
@t
~Hð~r; tÞ;

r� ~H ¼ eð~rÞ @
@t
~Eð~r; tÞ þ~Jð~r; tÞ; (1)

in an inhomogeneous media described by

eðrÞ;mðrÞ ¼
e0;m0 z> � d=2;

e0eLr ;m0m
L
r �d=2> z> � 3d=2

e0;m0 z< � 3d=2:

8><
>: ; (2)
We rewrite Eq. (1) as:

r�r�~Eð~r; tÞ þ mð~rÞeð~rÞ @
2

@t2
~Eð~r; tÞ

¼ �mð~rÞ @
@t
~Jð~r; tÞ: (3)

To solve Eq. (3), let us first define a dyadic Green’s

function G
! !

ðr; r0; t; t0Þ satisfying

�
r�r�þmð~rÞeð~rÞ @

2

@t2

�
G

! !
ð~r;~r0; t; t0Þ

¼ dð~r �~r0Þdðt � t0Þ I
! !

; (4)

where I
! !

is a unit matrix. If G
! !

ðr; r 0; t; t 0Þ is known,

the E field can be found as

~Eð~r; tÞ ¼ �m0

Z
G

! !
ð~r; t;~r 0; t0Þ �~J�ð~r 0; t 0Þ d~r 0 dt0;

(5)

where the dot means time derivative. Fourier transform-

ing Eq. (4) from time domain to frequency domain

yields:

½r �r��mð~r Þeð~r Þv2� G
! !

ð~r;~r 0;vÞ

¼ dð~r �~r 0Þ I
! !

; (6)

where

G
! !

ð~r;~r 0; t; t0Þ ¼ 1

2p

Z
dv G

! !
ð~r;~r 0;vÞ e�ivðt�t 0Þ (7)

is the Green’s function in frequency domain. Appar-

ently, when the material is dispersive, we only need to

rewrite Eq. (6) as:

½r �r��mð~r;vÞeð~r;vÞv2� G
! !

ð~r;~r 0;vÞ

¼ dð~r �~r 0Þ I
! !

; (8)

where eð~r;vÞ andmð~r;vÞ are the permittivity and the

permeability of the system at this particular frequency.

Considering the general properties:

mð~r;vÞ� ¼ mð~r;�vÞ; eð~r;vÞ� ¼ eð~r;�vÞ; (9)

it is easy to prove a very useful relationship:

G
! !

ð~r;~r 0;�vÞ ¼ G
! !

ð~r;~r 0;vÞ�: (10)
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To proceed, the switch-on process and the space

distribution of the current source should be specified. To

capture the essence of the physics while keeping the

mathematics tractable, we take the simplest ‘‘switch-on’’

process – a step-function in time. For the space

distribution, we consider three typical cases in this

paper. The first one is a point current source (e.g., the 3D

configuration):

~Jð~r; tÞ ¼ ŷP0dð~rÞ e�iv0tuðtÞ; (11)

where v0 is the working frequency and P0 is the strength

of the dipole source. A straightforward calculation

shows:

~J
�
ð~r 0; t0Þ ¼ P0ŷdð~r 0Þ e�iv0t

0 ½dðt 0Þ � iv0uðt 0Þ�: (12)

Inserting Eqs. (7) and (12) into (5), we obtain:

~Eð~r; tÞ ¼ 1

2p

Z
dv e�ivt~E

3Dð~r;vÞ v

v� v0 þ ih
; (13)

where

~E
3Dð~r;vÞ ¼ �m0P0 G

! !
ð~r; 0;vÞ � ŷ: (14)

The positive sign of the infinitesimal number h in

Eq. (13) is determined by the requirement that the

current source amplitude should be bounded as t ! 1.

Later, we will show this choice is also consistent with

causality.

Let us now consider the 2D configuration with an

infinite line source:

~Jð~r; tÞ ¼ ŷI0dðxÞdðzÞ e�iv0tuðtÞ; (15)

where I0 is just the current flowing in the line source. A

straightforward calculation shows that we arrive at

Eq. (13) again, but with ~E
3Dð~r;vÞ replaced by:

~E
2Dð~r;vÞ ¼ �m0I0

Z
G

! !
ð~r; ð0; y0; 0Þ;vÞ � ŷ dy0:

(16)

For the completeness of our treatment, we also

consider the one-dimensional (1D) configuration, in

which the source is an infinite current plane:

~Jð~r; tÞ ¼ ŷJ0dðzÞ e�iv0tuðtÞ; (17)

where J0 has the physical meaning of the surface current

density of the planar current source. Following the same
procedures, we arrive at Eq. (13) with ~E
3Dð~r;vÞ

replaced by: Z

~E

1Dð~r;vÞ ¼ �m0J0 G
! !

ð~r; ðx0; y0; 0Þ;vÞ � ŷ dx0dy0:

(18)

Now the remaining problem is to solve Eq. (8) to get
! ! 0 ! ! 0
G ð~r;~r ;vÞ. For this specific geometry, G ð~r;~r ;vÞ
has been obtained in Ref. [13]. The essential idea is to

expand the solution in each region by a series of plane

waves and then determine the expansion coefficients by

joining the fields at the boundaries. When G
! !

ð~r;~r 0;vÞ
is known, ~E

3Dð~r;vÞ;~E 2Dð~r;vÞ and~E
1Dð~r;vÞ can be

calculated by Eqs. (14), (16) and (18) straightforwardly.

For the focusing problems, usually we are mostly

interested in the field distribution in the x–z-plane in the

case of y = 0, and particularly in the imaging region

(i.e., z < �3d/2). Under these conditions, we obtain:

E3D
y ðx; z;vÞ

¼ � im0P0

8p

Z
1

kz
e�ikzz½TTEðkjjÞðJ0ðkjjxÞ � J2ðkjjxÞÞ

þ
k2
z

k2
TTMðkjjÞðJ0ðkjjxÞ þ J2ðkjjxÞÞ�kjj dkjj; (19)

E2D
y ðx; z;vÞ ¼ � im0I0

4p

Z
eikxx

kz
TTEðkxÞ e�ikzz dkx; (20)

E1D
y ðz;vÞ ¼ � im0J0

2k
TTEð0Þ e�ikz; (21)

where Jn(z) are the usual Bessel functions,

k2
jj þ k2

z ¼ k2 ¼ ðv=cÞ2
. Here, the transmission coeffi-

cients TTE and TTM are given by

TTEðkjjÞ ¼
4D e�ikzd

ðDþ 1Þ2
e�ik1zd � ðD� 1Þ2

eik1zd
; (22)

TTMðkjjÞ ¼
4D0 e�ikzd

ðD0 þ 1Þ2
e�ik1zd � ðD0 � 1Þ2

eik1zd
; (23)

where D ¼ k1z=kzm
L
r ; D

0 ¼ k1z=kzeLr and k2
jj þ k2

1z ¼
k2

1 ¼ eLrm
L
r ðv=cÞ

2
. The fields in other regions can be

obtained similarly.

3. The adaptive-grid technique and a

Benchmark result

In this section, we first discuss an important

computational technique, and then present a benchmark
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result to test the validity of our theory. In all our

numerical calculations presented in this paper, we

assume that eLr ð f Þ ¼ mL
r ð f Þ ¼ 1 � 200= f ð f þ igÞ and

d = 10 mm. We note that

eLr ð f Þ ¼ mL
r ð f Þ � �1 þ 0:4ð f � 10Þ þ i0:2g (24)

in the limit of f ! 10, g ! 0. This indicates that the lens

is a super lens with d = 0.4( f�10) + i0.2g in this limit,

and becomes a perfect lens when the condition f = 10,

g = 0 is exactly satisfied.

According to the methodology developed in the last

section, we can calculate ~Eð~r; tÞ by two integrations,

namely Eqs. (13), (19) and (20). However, in both

integrations, we encounter singularities. While the pole

of integration in Eq. (13) is obvious, we check Eqs. (19)

and (20) to see the origin of the divergences in these

integrations. Taking TTE(kjj) as an example, according

to Eq. (22), we find that it diverges when the condition

ðDþ 1Þ2
e�ik1zd � ðD� 1Þ2

eik1zd ¼ 0 is met. After

some simple algebra, we rewrite the condition as:

2cos hð�ik1zdÞ þ ðDþD�1Þsin hð�ik1zdÞ ¼ 0: (25)

Eq. (25) is essentially the same as Eq. (3) of Ref. [17],
Fig. 1. Convergences of the integrations against (a) kmax and (b) the

number of k points in the uniform-grid method and the adaptive-grid

method.
which is the condition to find the transverse-electric

(TE)-mode surface wave (SW) excitation of the present

geometry (see also Refs. [18,19]). This is physically

reasonable, since an SW excitation is an intrinsic EM

wave eigen-solution, which exists in the absence of an

incident evanescent wave. As a result, the responsewould

be infinite if the incident wave is not zero. Similarly, TTM

diverges at the SW excitation of a transverse-magnetic

(TM) mode [17–19]. With the presence of finite h and g,

the integrands in Eq. (13) and Eqs. (19) and (20) will be

finite but still very large near the poles. Integrations with a

conventional method are very difficult to reach con-

vergences. Here, we introduce an adaptive-grid method

to deal with these singularities. In our numerical

integrations for Eqs. (13), (19) and (20), instead of

adopting uniform grids, we take the grid size at a

particular v or k point to satisfy

Dv ¼
�
vmax

N0
v

��
1 þ

���� 1

v� v0 þ ih

����
��1

; (26)

Dkjj ¼
�
kmax

N0
k

�
½1 þ jTTEðkjjÞj��1; (27)

Dkjj ¼
�
kmax

N0
k

�
½1 þ jTTMðkjjÞj��1; (28)
where vmax and kmax are the cut-off values of v and k

taken in the numerical integrations, and N0
v andN0

k and

some integers. Eq. (26) shows clearly that the grid size,

Dv, approaches ðvmax=N
0
vÞ when far away from the

singularity v0, but becomes significantly reduced in the

vicinity of the pole. The same is true for the k grid seen

from Eqs. (27) and (28). By doing so, we automatically

sample more points around the singularities where we

really care, and less points when far away from the

singularities where the contribution to the integral is

small.

We now check the calculation convergences by

computing the value of E2D
y ð~r;vÞ at~r ¼ ð0; 0;�3d=2Þ

and v = 2p � 9.98 GHz with g = 10�5 GHz as an

example. We first consider the integration convergence

against kmax. In the integrations with different kmax

values, we adjust N0
k to ensure that ðkmax=N

0
k Þ ¼

ððv=cÞ=500Þ is the same in each case. The solid

symbols depicted in Fig. 1(a) show that the calculation

converges quickly when kmax � kpole � 2.8(v/c). This

is reasonable, since TTE(Kjj) ! 0 as long as kjj � kpole

with kpole being the SW pole value for this frequency.

We then consider the integration convergence against

the number of k points taken. Shown in Fig. 1(b) are the

results calculated with different k points but with the

same cut-off value, kmax = 10 v/c, which shows again
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Fig. 2. The amplitude (a) and the real part (b) of E1D
y ðz; tÞ (in units of

m0J0c/2) as the functions of time.
that the calculation converges very quickly. We now

employ a uniform-grid to do the same calculations and

compare the results with those of the adaptive-grid

method in Fig. 1(a) and (b). We note from Fig. 1(a) that

the uniform-grid method goes to a wrong result,

although it does seem to converge when kmax is big

enough. From Fig. 1(b), we find that the uniform-grid

result fluctuates dramatically against varying the

number of k points, and the calculation does not seem

to converge with even 10 000k points. In contrast, the

adaptive-grid method only requires about 200k points to

reach convergence, much more efficient than the

uniform-grid method. The physics is quite simple. In

the uniform-grid method, most of k points are wasted in

sampling the regions far away from the singularity, but

in regions near the poles, the grid size is still not small

enough to ensure convergence.

We now present a benchmark result to demonstrate

the validity of our approach. Without scatterings (i.e.,

set eLr ¼ mL
r ¼ 1), the 1D model can be exactly solved.

In this case, we have TTE = 1 so that Eq. (21) becomes

E1D
y ðz;vÞ ¼ � im0J0c

2v
e�iðv=cÞz: (29)

Inserting the above equation into Eq. (13), we obtain:

E1D
y ðz; tÞ ¼ � im0J0c

4p

Z
dv

e�ivðtþz=cÞ

v� v0 þ ih

¼ � im0J0c

4p
u

�
t þ z

c

�
ð�2piÞ e�iv0ðtþz=cÞ

¼ �m0J0c

2
e�iv0ðtþz=cÞuðt þ z=cÞ; (30)

which is a completely causal result (note z < 0 here). It

is emphasized that the positive sign of h is necessary to

obtain this causal result. We then compare the direct

numerical integration based on our theory with the

analytical expression (30). Shown in Fig. 2 are the

calculated E1D
y ðz; tÞ as the functions of time using our

theory. In the calculations, we set vmax = 2p � 80 GHz,

v0 = 2p � 10 GHz, h = 10�4 GHz, z = �20 mm, and

N0
v ¼ 7000. We note that the direct calculation results

are in good agreement with the analytical expression

(30), although there exists some typical fluctuations

caused by adopting a finite cut-off frequency.

4. Applications of the theory

We present some examples to illustrate the applica-

tions of our theory. The first example is a 3D focusing

problem, with parameters set as v0 = 2p � 10 GHz,
g = 0.001 GHz, h = 0.0005 GHz. On the image plane at

z = �20 mm, we calculated the field distribution along x

direction for y = 0 (i.e., jE2D
y j as a function of x) at

different time instances. The patterns are shown

together in Fig. 3. It clear that as t increases, the image

point becomes brighter and brighter, and the other

regions become darker and darker. If we define a

quantity w as the peak width measured at its half-

maximum, we see clearly that w is a decreasing function

of time, indicating that the resolution becomes better

and better as t increases. As a reference, we set

kmax = v/c in our numerical integration of Eq. (19) to do

a calculation without evanescent waves, and depict the

calculated pattern in Fig. 3(b). Compared with Fig. 3(a),

we find that the peak of the reference pattern is much

broader and the field is much weaker. This suggests

clearly that the resolution enhancement is contributed

by the evanescent waves only, and also the super-

imaging is established through the dynamics of the

evanescent waves.

We now consider a 2D focusing problem as another

example. It has been understood that a non-zero d is

crucial in such problems. In the 2D geometry, all

previous time-domain studies considered the situation

of d being purely imaginary [6–11]. Although it was
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Fig. 3. (a) Field patterns at different time instances. (b) Field pattern

calculated by considering only the propagating components of the

source.

Fig. 4. (a) Time evolution of jE2D
y j at the image point in a 2D focusing

process (with f0 = 9.99 GHz, g = 0.0005 GHz, h = 0.001 GHz) calcu-

lated by considering all components (solid) and propagating waves

only (dashed). (b) Same as (a) but with a larger observing time scale.
suggested that a real d is also helpful to avoid the field

divergence in the 2D metamaterial lens focusing [5],

very few time-domain studies were performed on

such lensing problems. Here, we show a typical

example to illustrate the time-domain relaxations

in 2D focusing with d being generally complex. We

choose f0 = 9.99 GHz, g = 0.0005 GHz such that

d = �0.004 + 10�4i at the working frequency, according

to Eq. (24). For this system, we employed our theory to

calculate the time evolution of the field amplitude at the

image point, and show the result in Fig. 4(a) as a solid

line. We find the time evolution to be accompanied by

strong field oscillations, and such oscillations are

apparently contributed by the evanescent waves, since

the calculation with only propagating waves included

(dashed line) does not show any oscillation. Compared

with the case of d being purely imaginary [7,15], the

presence of a nonzero Re(d) does not seem to produce

any new phenomenon in the time evolution. For

example, compared with Fig. 1 of Ref. [15], even the

oscillation period is almost the same, indicating that the

present oscillation must be governed by the same

physics [15]. However, when we expand the observing

time scale to a larger value as shown in Fig. 4(b), we find

very clearly a long-period oscillation over the short-
period oscillation. This phenomenon was not found in

previous studies for the 2D focusing with a purely

imaginaryd [7,15]. This long-period oscillation is

mainly caused by Re(d) and disappears when

Re(d) = 0, and it shares the similar physical origin with

that discussed in Ref. [16] for the 3D focusing problem.

5. Conclusions

To conclude, we present in this paper a time-

dependent Green’s function approach to study the

transient behaviors of optical processes related to

metamaterials, in particular, the super lens focusing.

The approach can be easily extended to study other

optical processes, if G
! !

ð~r;~r 0;vÞ are calculated for that

particular problem. We have introduced an adaptive-

grid method to deal with the singularities encountered in

the numerical integrations, which greatly enhances

the calculation efficiency and makes the computations

tractable. A benchmark result is presented to demon-

strate the validity of our theory. To illustrate the

applications of present theory, we have implemented the

method to study two typical focusing processes with

metamaterial lenses.
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